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Assume (Mn, g) is a complete steady gradient Ricci soliton with positive Ricci curvature. If
the scalar curvature approaches 0 towards inﬁnity, we prove that
∫ +∞
0 Rc(γ˙ (s), γ˙ (s))ds =√
R(O ), where O is the point where R obtains its maximum and γ (s) is a minimal normal
geodesic emanating from O . Some other results on the Ricci curvature are also obtained.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction and the main theorem
Ricci solitons are ﬁxed points of the Ricci ﬂow as a dynamical system on the space of Riemannian metrics modulo
diffeomorphisms and scalings. From the equation point of view, they are natural generalizations of the Einstein metrics. In
physics literature they are also called quasi-Einstein. For above reasons, it is very important to understand the geometry of
Ricci solitons and try to classify them both topologically and geometrically.
Gradient Ricci solitons are the most widely studied Ricci solitons. Recently quite a few results on classiﬁcation of gradient
Ricci solitons have appeared, see [2,3,5–11,13,14] to name but a few.
We remind the readers that on a noncompact manifold, Ricci soliton may not be of gradient type [1]. In this note in
particular we study the steady gradient Ricci solitons. From the equation point of view, the deﬁnition is:
Deﬁnition 1. A complete Riemannian manifold (Mn, g) is called a steady gradient Ricci soliton if there is a smooth function
f :Mn →R, called the potential function, satisfying
Rc+ ∇∇ f = 0, (1)
where Rc is the Ricci curvature tensor.
Remark 2. IfMn is compact, by the maximum principle it is elementary to check that f has to be constant so thatMn is
Ricci ﬂat. Hence we are only interested in the noncompact case, for which we refer the readers to [5,7,8].
Throughout this note, we will always assume that the Ricci curvature is positive, and assume that the scalar curvature R
approaches 0 towards spatial inﬁnity. Then there must be at least one point where R obtains its maximum. By Lemma 6 of
the next section we see that the point of maximum is unique. We denote O the point of maximum of R , called the origin;
and R0  R(O ).
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Theorem 3 (Main theorem). Assume (Mn, g) is a complete steady gradient Ricci soliton with positive Ricci curvature and the scalar
curvature approaches 0 towards inﬁnity. We have
+∞∫
0
Rc
(
γ˙ (s), γ˙ (s)
)
ds =√R0, (2)
where γ (s) is a minimal normal geodesic emanating from O .
Remark 4. The integral
∫ +∞
0 Rc(γ˙ (s), γ˙ (s))ds comes from the second variation of the length of a geodesic. By standard ar-
guments one can show that it is bounded on a minimal geodesic. Our main theorem states that it is a constant independent
of the choice of a particular geodesic, as long as the geodesic emanates from the origin.
Remark 5. We also remark that in his seminal paper [12], Perelman claims that any 3-dimensional steady gradient Ricci
soliton with positive sectional curvature and which is κ-noncollapsed on all scales must be rotationally symmetric. See
Remark 11.9 on p. 32 of [12].
Notice that the positive Ricci curvature condition combined with the κ-noncollapsed condition will guarantee that R
approaches 0 at inﬁnity, see [5]. Our theorem is a necessary condition to establish Perelman’s claim.
2. Technical lemmas and proof of the main theorem
In this section we ﬁrst show that the critical point of R , if there is any, is unique.
Lemma 6. AssumeMn is a steady gradient Ricci soliton with positive (or negative) Ricci curvature. Then there is at most one critical
point of R.
Proof. On the steady gradient Ricci soliton we have (see [4]):
∇R = 2Rc(∇ f , ·). (3)
In particular at a critical point p, where ∇R(p) = 0 we have
0= 〈∇R(p),∇ f (p)〉= 2Rc(∇ f (p),∇ f (p)).
Then by strict positivity (or negativity) of the Ricci curvature we have ∇ f (p) = 0. Since
∇∇ f = −Rc < 0 (or > 0)
we conclude that p is the unique maximum (or minimum) point of the potential function f . 
The above arguments also show thatMn is diffeomorphic to the Euclidean space Rn by Morse theory. Bryant and Ivey
have constructed non-trivial steady gradient Ricci solitons on Rn with positive curvature. See [4] for details.
On the steady gradient Ricci soliton, we also have (see [4]):
R + |∇ f |2 = const . (4)
By adding a constant, we can always assume f (O ) = 0. Calculating the constant in Eq. (4) at O we have
R + |∇ f |2 = R0. (5)
For any x ∈Mn , let r(x) dist(O , x), the distance from O to x. Let γ (s) denote the shortest geodesic from O to x, where
s is the arclength. An easy observation is that γ (0) = O , and γ (r) = x.
For the growth rate of the potential function f , we have:
Lemma 7. For any ε > 0, there is rε such that when r(x) rε we have
√
R0 − ε < − f (x)
r
<
√
R0. (6)
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|∇ f | <√R0.
Along any geodesic γ (s) emanating from O , we have∣∣∣∣df (γ (s))ds
∣∣∣∣= ∣∣〈γ˙ (s),∇ f 〉∣∣ |∇ f | <√R0.
Notice that the maximum of f is 0 so that f < 0, we deduce that
− f (x)
r
<
√
R0. (7)
On the other hand, for the lower bound of − f (x)r we work on the integral curve of − ∇ f|∇ f |2 , which is denoted by β(σ ).
We observe that
d
dσ
f
(
β(σ )
)= 〈∇ f , β˙〉 = 〈∇ f ,− ∇ f|∇ f |2
〉
= −1,
and furthermore since f (O ) = 0 we have
f
(
β(σ )
)= −σ .
Now we estimate f (x) along the integral curve β . In this phenomenon we can only get good estimate when the point
x is faraway from the origin. The reason is because R approaches 0 so that |∇ f | → √R0, we can compare f (x) and r as
x → ∞.
Rigorously, given any ε > 0 there is a σ¯ such that when σ  σ¯ ,∣∣∇ f (β(σ ))∣∣>√R0 − ε
2
.
Let x¯ β(σ¯ ) and r¯  dist(O , x¯), then the length of β from x¯ to x can be estimated as
σ∫
σ¯
∣∣β˙(σ )∣∣dσ =
σ∫
σ¯
1
|∇ f | dσ
<
1√
R0 − ε2
(σ − σ¯ )
= 1√
R0 − ε2
(
f (x¯) − f (x)).
On the other hand,
σ∫
σ¯
∣∣β˙(σ )∣∣dσ  dist(x¯, x) = r − r¯.
So we have
1√
R0 − ε2
(
f (x¯) − f (x))> r − r¯,
or
f (x) < −
(√
R0 − ε
2
)
r +
(√
R0 − ε
2
)
r¯ + f (x¯)
= −(√R0 − ε)r − ε
2
r +
(√
R0 − ε
2
)
r¯ + f (x¯).
There exists r0 such that when r > r0, the term
−ε
2
r +
(√
R0 − ε
2
)
r¯ + f (x¯) < 0.
So that when r >max{r¯, r0} we have
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Combining inequalities (7) and (8) we proved Lemma 7. 
Let ν − ∇ f|∇ f | and θ(x) be the angle between γ˙ (x) and ν, we have:
Corollary 8. θ(x) → 0 as x → ∞.
Proof. Since ∇∇ f = −Rc < 0 we see that − f is geodesically convex and furthermore
d
ds
(− f (γ (s))) − f (x) + f (O )
r
= − f (x)
r
.
On the other hand,
d
ds
(− f (γ (s)))= 〈γ˙ ,−∇ f 〉 = |∇ f |〈γ˙ , ν〉 = |∇ f | cos θ.
So we have
cos θ  1|∇ f | ·
− f (x)
r
.
Let x → ∞ and by Lemma 7 we get cos θ(x) → 1, and the result follows. 
Now we are ready to proof Theorem 3.
Proof of the main theorem. Along a minimal geodesic γ (s) we have
d
ds
(|∇ f | cos θ)= γ˙ 〈−∇ f , γ˙ 〉
= −〈∇γ˙ ∇ f , γ˙ 〉
= Rc(γ˙ , γ˙ ).
Notice that when s → ∞, |∇ f | → √R0, and θ → 0; and at 0, ∇ f = 0. Taking integral from 0 to ∞ along γ we get
identity (2). 
3. Other results
In this short section we discuss two similar results. Using notations of last section, we have
Proposition 9. Assume (Mn, g) is a complete steady gradient Ricci soliton with positive Ricci curvature and the scalar curvature
approaches 0 towards inﬁnity. We have
+∞∫
0
Rc
(
γ˙ (s), ν
)
ds =√R0, (9)
where ν = − ∇ f|∇ f | .
Proof. In the proof of the main theorem, instead of |∇ f | cos θ we take derivative of |∇ f | along the geodesic γ (s), and get
d
ds
|∇ f | = 1
2|∇ f | γ˙ 〈∇ f ,∇ f 〉 =
〈
∇γ˙ ∇ f , ∇ f|∇ f |
〉
= ∇∇ f (γ˙ (s),−ν) = Rc(γ˙ , ν).
Integrating the above from 0 to +∞ and notice that |∇ f | → √R0, we prove this result. 
Corollary 10. Same notations as in Proposition 9. We have
+∞∫
0
Rc(ν, ν)ds
√
R0. (10)
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Cauchy–Schwarz inequality to get
Rc(γ˙ , ν)
√
Rc(γ˙ , γ˙ )
√
Rc(ν, ν),
so that by the Holder inequality
+∞∫
0
Rc
(
γ˙ (s), ν
)
ds
( +∞∫
0
Rc
(
γ˙ (s), γ˙ (s)
)
ds
)1/2( +∞∫
0
Rc(ν, ν)ds
)1/2
.
Combining Theorem 3 and Proposition 9 we get inequality (10). 
Remark 11. In Corollary 10 we still integrate along the minimal geodesic γ . If the equality in (10) holds, it will imply that
γ˙ = ν . By our results in [8] for dimension 3, it will further imply that (M3, g) is rotationally symmetric. And thus conﬁrms
Perelman’s claim.
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